We study the quasinormal modes of massive Dirac spinors in the background of rotating black holes. In particular, we consider the Kerr geometry as well as the five dimensional Myers-Perry spacetime with equal angular momenta. We decouple the equations using the standard methods from the literature. In the five dimensional Myers-Perry black hole the angular equation is solved analytically. Using the continued fraction method, we calculate the spectrum of quasinormal modes for the ground modes and first excited modes. We analyze, in a systematic way, its dependence on the different parameters of the black hole and fermionic field. We compare our values with previous results available in the literature for Kerr and for the static limit. The numerical results show several differences between the four and five dimensional cases. For instance, in five dimensions the symmetry between the positive and negative (real) frequency of the modes breaks down, which results in a richer spectrum.
I. INTRODUCTION
The study of black holes in higher dimensions [1, 2] has received a lot of attention in the last decades, due to several theories involving the existence of extra spatial dimensions, such as String theory, the Brane world theory and the AdS/CFT correspondence. Indeed, black holes can possess very different properties in more than four dimensions. For instance, when the dimension is higher than four they can have more than one angular momentum, and the topology of stationary event horizons can be different from spherical. Test fields in the black hole background can have very different properties too.
In this context it is of interest to study the properties of several fundamental fields as test fields in the black hole backgrounds, such as scalars, vectors or spinor fields, which present different features depending on the dimension.
Of special importance is the study of the behaviour of test fields in these geometries, in particular, of their quasinormal modes [3] . The quasinormal mode spectrum can be used to reveal several properties, such as instabilities, zero modes, bound states, or simply the resonances for which perturbations of these field tend to be radiated away and decay. The spectrum can help recognize possible backreacting configurations with non-trivial hair [4] , and even if they are formally unstable, the order of magnitude of the instability can be such that the configuration could still have some physical relevance [5] .
In this paper we will study the quasinormal modes of the massive Dirac field in the five dimensional MyersPerry black hole spacetime and compare to the behaviour of the quasinormal modes in the Kerr spacetime. This work will extend the previous results in the Tangherlini/Schwarzschild spacetimes, considered in four to nine dimensions [6] , and the results for the four dimensional Kerr-Newman background [7] . We will use equal angular momenta for the Myers-Perry black hole due to the stronger resemblance to spherical symmetry.
The study of test fields and particles in the background of a Myers-Perry black hole is simplified by the separability of the relevant equations. For example the geodesic equations were studied in the five dimensional MyersPerry black hole by a separation of the Hamilton-Jacobi equations in [8] . The massive scalar field equations in the same background were studied in [9] . The Dirac equation can similarly be separated in these geometries, reducing the problem to ordinary differential equations. The Ansatz by Chandrasekhar in the Kerr geometry [10] was extended to the five dimensional Myers-Perry spacetime [11] , and for the massive Dirac equation in the Kerr-NUT-AdS spacetimes in all dimensions [12, 13] . These results were also extended to the Proca field [14] . The separation is based on the existence of a Killing-Yano tensor, which was constructed for the most general charged rotating geometries in [15] . For more details we refer the reader to [16] .
The spectrum of quasinormal modes of rotating black holes has been very well studied. The quasinormal modes of vector and tensor metric perturbations in the background of the Kerr black hole were calculated in [17] using the continued fraction method. The results where later improved in [18] . The spectrum is also known for the asymptotically AdS Kerr black hole [19] . For scalar field perturbations in the Kerr background, the quasinormal modes were calculated in [20] . Interestingly, both cases reveal a looping behaviour of the quasinormal modes in the complex plane for certain values of the parameters.
Concerning higher dimensions, the quasinormal modes of a massless scalar field in the ultra-spinning limit of the six dimensional Myers-Perry black hole were studied in [21] using the continued fraction method too. The quasinormal modes of tensor metric perturbations were studied for odd dimensional Myers-Perry-AdS with equal angular momenta [22] , for Myers-Perry black holes with only one non vanishing angular momentum and dimension greater or equal to seven [23] and for Myers-PerryAdS with only one non-vanishing angular momentum [24] . For more general Myers-Perry black holes, with two non-vanishing and independent angular momenta, the scalar field quasinormal modes were studied in [25] . A discussion of the massless scalar, vector and tensor quasinormal modes for different cases of the Myers-Perry black holes can be found in [26] .
The quasinormal modes of a massive vector field in the Myers-Perry-NUT-AdS background were calculated in [27] . It was shown that for certain mass values the spectrum develops quasiresonances (modes with very small damping time) and again a looping behaviour for the modes in the complex plane for certain values of the parameters.
Regarding Dirac test fields, the quasinormal modes for a massive Dirac field in the background of the Schwarzschild black hole were studied in [28] using the WKB method. Although only small mass values were considered, they were able to determine that an increase in mass leads generally to a decrease in the damping time and an increase in the real part of the frequency. The massless Dirac quasinormal modes of a Schwarzschild black hole were studied in [29] using the continued fraction and Hill-determinant methods. The quasinormal modes of a massless Dirac field in the spacetime of a spherically symmetric charged black hole in higher dimensions were studied in [30] using the WKB method. Similarly, in [31] the quasinormal modes of the massless Dirac field and gravity perturbations of a quantum corrected Schwarzschild black hole were discussed. In [32] the quasinormal modes of the massless Dirac field in massive gravity were investigated, using in addition the Pöschl-Teller approximation.
As already mentioned, the quasinormal modes of the massive Dirac field in the background of the KerrNewman black hole were recently investigated in [7] . They found quasiresonances (long-lived modes) and a fine structure depending on the angular quantum numbers. Similar modes were recently studied for the static Tangherlini space-time in [6] , finding similar quasiresonances. In addition, in [33] the quasinormal modes of a charged, massless Dirac field and a charged, massive scalar field in the background of a spherically symmetric black hole with scalar hair in four dimensions have been studied using the continued fraction method. The massive Dirac field in the near-horizon region of the five dimensional Myers-Perry black hole with equal angular momenta was studied in [34] .
The structure of the paper is the following. In section II we will decouple the massive Dirac equation in the Kerr spacetime. For this we will use the method from the literature which is deeply linked to the existence of a KillingYano tensor in the Kerr spacetime. The separation will allow us to derive the previously known recurrence relation obeyed by the angular quantum numbers, and to write down the coupled first order differential equations for the radial part of the spinor. In section III we will repeat the process for the five dimensional Myers-Perry black hole spacetime with equal angular momenta. The only difference being that we can solve the angular equation analytically and thus have an explicit formula of the angular eigenvalue. In section IV we will discuss the numerical method used to calculate the quasinormal modes. After this we will show and discuss the obtained numerical results in section V. Lastly in section VI we wrap the paper up with a discussion of the results and possible future directions.
II. DIRAC SPINORS IN THE KERR BLACK HOLE BACKGROUND
The Kerr metric [35] in Boyer-Lindquist coordinates [36] is given by
with
The parameter µ is related to the mass of the black hole, and a is related to the angular momentum. We use the vielbein
This gives the Dirac operator
To decouple this operator into radial and angular parts, we use the transformation [37] 1 ζ e
Before continuing, let us comment here that the principal conformal Killing-Yano tensor for the Kerr metric in the vielbein basis given by equation (3) is [38, 39] 
Hence note that the argument of the arctan-function in the transformation (6) can be expressed as the ratio of the two eigenvalues of the principal conformal Killing Yano tensor.
The operator D * can be written like
with the angular operator
where we have definedγ 
It is convenient to introduce quantities scaled to the mass of the black hole:
Then the radial equation is given by
and the angular equation by
A. The angular equation in the Kerr background Following [7, 40, 41] we calculate the angular eigenvalue numerically with a continued fraction stemming from a recurrence relation coming from an expansion of the angular function in hypergeometric functions. For this we change the variables to y = (1 + sgn(λ) cos θ)/2 ∈ [0, 1], choose the γ matrices representation to bê
and factorize the Θ functions like
The equations fulfilled by the functions h 1 and h 2 then read
We now use a series expansion
with κ = ±1 being a sign choice and
being hypergeometric functions. Making use of the special relations between contiguous hypergeometric functions [42, section 15.5(ii)], it is possible to rewrite the differential equations for h 1 and h 2 into a recurrence relation for the coefficients of the series expansion (20) :
with σ n = − κ sgn(λ)(−1) n and κ n = − κ sgn(λ)(−1) n κ. Defining ∆ n = c n /c n+1 this can be written as a continued fraction [43] . Given Ω, κ and λ, we can search in the complex plane for the corresponding value of κ by evaluating this continued fraction ∆ n to a finite depth requiring that it converges to the value given by the original recurrence relation evaluated at n = 0, using c −1 = 0 [7] and
B. The radial equation in the Kerr background We choose the following representation for the matrices γ 0 , γ
Since we are interested in perturbations whose flux falls into the black hole horizon, the boundary condition Ψγ 1 Ψ ≤ 0 for r → r + gives the asymptotic behaviour
At infinity, we are interested in perturbations whose flux is radiated away from the black hole. Hence we have Ψγ 1 Ψ ≥ 0 for r → ∞, which gives the asymptotic behaviour
with χ = Ω 2 − η 2 , sgn(Ω) = sgn(χ) and
We now factorize both of these asymptotic behaviours from the spinor
We also change variables to
This gives the following system of first order differential equations for ψ 1 and ψ 2
III. DIRAC SPINORS IN THE FIVE DIMENSIONAL MYERS PERRY BLACK HOLE BACKGROUND
Now that we have the angular and radial equations for the Dirac spinors in Kerr, let us move to the five dimensional case. We will repeat the previous steps for the five dimensional Myers-Perry black hole with equal angular momenta [44] . The metric can be written like
where again µ is related to the mass of the black hole and a is related to the angular momentum. We have defined
We use the vielbein
To decouple the angular and the radial parts, we use the same method as in four dimensions [11] [12] [13] , making use of the transformation 1 ζ e
Let us compare these expressions with the four dimensional case. The principal conformal Killing-Yano tensor for the five dimensional Myers-Perry metric with equal angular momenta in the vielbein given by 35 reads [45] 
Note that, similiar to the Kerr case (7), the argument of the arctan-function in the above transformation can be expressed as the ratio of the two eigenvalues of the principal conformal Killing Yano tensor. The operator D * can then be written as
andγ j := γ 0 γ 1 γ j with j ∈ {2, 3, 4}. Since the matrices γ 0 and γ 1 commute with the matricesγ j , we also have that [D * , K * ] = 0. We can separate the angular and radial equations with the following Ansatz for the spinor Ψ:
Once more it is useful to work with quantities scaled to the mass of the black hole,
The radial equation then reads
The angular equation is
Note that the magnetic quantum numbers m 1 and m 2 only appear explicitly in the radial equation in the combination α(m 1 + m 2 ) = αλ.
Let us discuss the dependence of the radial equation on α. Note that for λ = 0 the radial equation depends explicitly only on α 2 and implicitly on κ(α). Hence the modes will not depend on the sign of α if κ does not depend on the sign of α in the case of λ = 0. We will show that this is the case in the next section.
A. Solving the angular equation in the Myers-Perry background
The angular equation in the five dimensional case turns out to be analytically solvable. Solutions have been already obtained in the near-horizon limit of the extremal case [34] . We use for the representation of the algebra fulfilled by the matricesγ
The system of differential equations is then
where we have defined
Let us also define C := cos θ , S := sin θ ,
where F (a, b; c; z) is the hypergeometric function, n κ ≥ 1 is a natural number and m 1 and m 2 are half integer numbers. The solution in the case K + = 0 is (up to the normalization)
and the angular eigenvalue in this case is
where ± κ is a sign choice. Note that in the case λ = 0 the above angular eigenvalue does not depend on the sign of α. In the case of K + = 0 the solution is (up to the normalization)
with m 1 , m 2 ≥ 1/2. The angular eigenvalue in this case is
Lastly in the case of K − = 0 the solution is
with m 1 , m 2 ≤ −1/2. The angular eigenvalue in this case is
B. The radial equation in the Myers-Perry black hole background
For the radial part of the equation in Myers-Perry we choose the same representation for the matrices γ 0 , γ 1 as in Kerr, given in equation (24) . The same reasoning applies, concerning the boundary conditions. We want the flux to be infalling at the horizon, so Ψγ 1 Ψ ≤ 0 for r → r + gives the asymptotic behaviour
At infinity, we want an outgoing flux, so Ψγ 1 Ψ ≥ 0 for r → ∞ gives the asymptotic behaviour
with χ = Ω 2 − η 2 and sgn(Ω) = sgn(χ).
We now factorize both asymptotic behaviours from the spinor
We also change to the y variable defined in equation (30) for Kerr. This gives the following system of first order equations for ψ 1 and ψ 2
with the definitions
IV. NUMERICAL METHOD
The first order systems (31) and (62) that describe the radial part of the Dirac spinor have the gestalt
where A 1 , A 2 , B 1 , B 2 , C 1 , C 2 and ∆ are polynomials in y.
We can rewrite this system as a second order equation for ψ 1
Alternatively, we can write the second order differential equation for ψ 2 , which is simply obtained by interchanging 1 ↔ 2 in the above second order equation for ψ 1 .
Observe that all coefficients in the second order equation (65) are polynomials in y. Thus the Frobenius method
allows us to obtain a finite recurrence relation in the coefficients c (1, 2) n . This series converges on the unit circle and thus on the interval of interest as long as all the zeroes of the coefficient of the term ψ 1,2 are either at 0 or have an absolute value ≥ 1. These are the zeroes of ∆, A 1 , A 2 and C j for the second order equation of ψ j .
For the Kerr-case these polynomials are ∆ ≡ 1,
It is easy to verify that for all of these zeros the absolute value is either 0 or ≥ 1.
For the five dimensional Myers-Perry black hole-case these polynomials are
The zeros are 0, 1,
, the three zeros of P ± .
The first five zeros have an absolute value of either 0 or ≥ 1. So we need to keep track of the zeros of P ± for the respective second order equation of ψ 1,2 to make sure that the Frobenius Ansatz works in these cases. We reduce the recurrence relation for the coefficients resulting from substituting the Ansatz (67) into the second order differential equation down to a recurrence relation of order 2 using Gaussian elimination. The recurrence relation of order 2 then leads to a continued fraction. The coefficients of the continued fraction depend on the frequency Ω. The continued fraction converges when Ω is an eigenvalue, and hence we search in the complex Ω-plane for these convergent values. We evaluate the continued fraction only to a finite depth. The rest can be approximated asymptotically using the Nollert improvement [43, 46] . This method is implemented into a C++ script using a class for the polynomial algebra and a class for the recurrence relations. The depth of the continued fraction evaluated is chosen to be of the order of 10000. The order of the Nollert improvement was up to terms of order N −3/2 . In practice, and in order to estimate the precision and get rid of spurious modes, we calculate the modes for both second order differential equations for ψ 1,2 . We will refer to them simply as equation 1 and equation 2 in the following section. In the five dimensional case this can also be used to complement the modes when one of the equations cannot be used due to the zeros of P ± , provided surrounding modes in the parameter space spanned by η and α match smoothly with these calculations.
As mentioned in the section on the Kerr case, the angular eigenvalue in four dimensions is calculated using the continued fraction equation (23) . This is also implemented in a C++ script. The depth of the evaluated continued fraction was also 10000. But we did not use an asymptotic approximation in this case.
V. RESULTS
In this section we present the results for the spectrum of quasinormal modes of the massive Dirac field. In particular, we will focus on the ground state and the first excitation. We will also discuss the behaviour of the angular eigenvalue with the different parameters of the field and the black hole. Let us start with the case of the Kerr background.
A. The Dirac spectrum of the Kerr black hole
Making use of the method described before we calculate in a systematic way the spectrum of quasinormal modes for different values of the parameters η and α. In the following figures we will only show the quasinormal modes with (Ω) > 0, because the modes with (Ω) < 0 follow by the transformation (αλ, κ ; (Ω), (κ)) → (−αλ, − κ ; − (Ω), − (κ)). This was noted as a symmetry of the radial equation in [7] . We have also crosschecked our results with the ones presented in [7] . Also in these figures we always show the calculated quasinormal modes of both second order equations in one plot. In most of the cases the difference is very small, and both curves overlap.
We will start discussing the properties of the ground mode.
• Ground mode Shown in figure 1 are the calculated quasinormal modes Ω (left column) and the angular eigenvalue κ (right column) for the ground state with magnetic quantum number |λ| = 0.5. The upper row corresponds to the modes with κ(α = 0) = +1, and the lower row to the modes with κ(α = 0) = −1. With colors, we mark different values of the angular parameter α, with red being α = 0 and purple α = 0.5. Marked with thicker lines are the modes for α = 0 (thick red curve) and the massless modes η = 0 (colored thick curve). The massless mode is explicitly marked in the static case (η = 0, α = 0) with a black dot. From the curve with η = 0 we plot branches of modes with fixed values of α and increasing values of η with a difference of ∆α = 0.5 between two neighboring ones. Note the sign of αλ splits the modes into two, to the left or to the right of the η = α = 0 case. We mark each family with a label indicating the sign of αλ.
Comparing the upper-left plot with the spectrum with κ(α = 0) = +1 with the lower-left plot with κ(α = 0) = −1 we can see that both sets of modes differ with regard to a change in η. Only when η = 0 the modes are equal (the thick colored curve is actually the same in both figures) . The overall effect is however similar in both cases: an increase in the mass η generally leads to a reduction of the absolute value of the imaginary part of the frequency | (Ω)|. The behaviour of the modes with fixed values of α follows the general behaviour of the α = 0 modes when we increase the value of η.
While for α = 0 it is the sign of κ what determines the behaviour of the modes for a given value of η, in the η = 0 case it is the sign of λ that determines the behaviour for a given value of α. We will see that this property of the spinor field will be important in five dimensions and leads to a breakdown of the mapping for (Ω) → − (Ω) in the case of α = 0 = η.
For large mass values both the imaginary part (Ω) and the real part (Ω) develop oscillations with regard to the mass η. This feature is more pronounced in the case of κ(α = 0) = +1 (upper row) than in the case of κ(α = 0) = −1 (lower row). These oscillations in the imaginary and real part combined with a drift in the complex plane lead to a looping behaviour found previously for scalar, vector and tensor quasinormal modes [17, 18, 20, 47, 48] . Although not shown in figure 1 , this looping behaviour is also present when varying α if one fixes η with a large enough value.
As we commented previously, increasing η decreases | (Ω)|, but the (Ω) does not change so quickly. However, when the modes have a small enough | (Ω)| for large values of η, the real part of the frequency (Ω) increases a bit faster. The curves then approach the real axis. However, before the value (Ω) = 0 can be reached for a critical value of η, the modes disappear. Nontheless, the value of (Ω) = 0 can be made (in principle) as small as desired close enough to the critical value of η. This is the same quasiresonance behaviour found for other massive fields [3] and also already noted for the massive spin half field in Tangherlini [6] and in KerrNewman-AdS [7] . We show the behaviour of these critical mass values η 0 depending on α for the ground mode of κ(α = 0) = +1 in figure 2. Here we display the mass values η 0 for which | (Ω)| ≤ 10 −5 . We can observe that for sgn(λ)α > sgn(λ)α we have η 0 (α) < η 0 (α ). Although not shown, this behaviour of the critical mass is similar for κ(α = 0) = −1.
Going back to figure 1, let us focus now on the angular eigenvalue κ (displayed in the right column plots). The upper-right plot is for κ(α = 0) = +1 and the lower-right one is for κ(α = 0) = −1. This eigenvalue possesses features very similar to what is found for the modes. One can observe that the behaviour with regard to α depends on the sign of αλ. The oscillations from the quasinormal frequencies leading to a looping behaviour can also be found for the angular eigenvalue for large enough η. The quasiresonances with small | (Ω)| also have small | (κ)|. In particular, this happens because for real Ω the recurrence relation (22) does not contain a complex part except for possibly κ, and thus κ must be also real. The real part of κ also changes more rapidly when the real axis is approached, as it happens in the modes. The quasiresonant modes with αλ (κ) ≥ 0 fulfill | (κ possesses the symmetry in the massless case κ(α, η = 0; λ, κ ) = −κ(α, η = 0; λ, − κ ), with the quasinormal modes mapped accordingly. However, as long as the field is massive this symmetry is broken.
• First excitation
In figure 3 , we show the results for the first excited state. The conventions we use here are similar to the ones introduced in figure 1 .
The general behaviour for the quasinormal modes Ω and for the angular eigenvalue κ connected to the eigenvalue κ(α = 0) = +1 is the same as in the ground mode case. However the loops are more pronounced in the first excited mode. Quasiresonances also appear here, for cer- tain values of the mass. However, the numerics for large values of η are not so precise as in the gound mode. We show the modes either until they approach the quasiresonances or the numerics begin to diverge (the difference between the quasinormal modes stemming from the two second order equations become greater than about 0.01 in absolute value, as it can be appreciated in the figure) .
A different behaviour from the one of the ground mode can be observed when the angular eigenvalue κ is connected to κ(α = 0) = −1. The general behaviour for the dependence on η for α = 0 is flipped with regard to the sign of αλ, meaning that for αλ (κ) ≥ 0 fulfilling | (κ (α) qr )| ≤ | (κ(α = 0)| with equality for α = 0. Let us note that the symmetry κ(α, η = 0; λ, κ ) = −κ(α, η = 0; λ, − κ ) and the accompanying behaviour of κ is also present for the first excited modes.
• High overtone number
The very high overtone number modes develop parts which cross the imaginary axis in the complex plane and thus it is possible to have modes with (Ω) = 0 (pure pulses). To demonstrate this we show in figure 4 modes stemming from η = 1.93, |λ| = 0.5 and varying α. We show two sets of exemplary modes, where the two modes of each set are connected by the symmetry (αλ, κ ; (Ω), (κ)) → (−αλ, − κ ; − (Ω), − (κ)). The shown behaviour is quite generic for these high overtone number quasinormal modes close to the imaginary axis. Because we cannot trace these modes back to their η = 0 and α = 0 origins (the numerics break down at a certain point, but normally (Ω) is small and | (Ω)| is rather large for the last modes where we can trust the numerics), we do not know to which overtone number the shown modes belong. The high overtone number modes are dense around the axis and thus we cannot be sure what are the exact overtone numbers. These modes with vanishing real part behave similarly to tensor perturbations [48] .
These modes are also very dense near the real axis in the complex frequency plane. To demonstrate this we show in figure 5 for a fixed mass of η = 2 and λ = 0.5 the real part of the frequency (Ω) over the negative angular parameter −α. In the upper right part there are the modes that are continuously connected to the first excited mode for α = 0 and η = 0. As we decrease |α| the real part of the frequency (Ω) possesses an oscillatory behaviour. Eventually when |α| is small enough, (Ω) rises quickly, while a different branch of modes with lower (Ω) and higher overtone number approaches from below. This behaviour then repeats as we decrease |α|, as it can be seen in figure 5 . The different branches of modes displayed here are not connected. The modes with increasing (Ω) eventually approach the critical value for which the quasiresonance appears, and the mode disappears as discussed previously. The modes with small values of (Ω) actually approach the imaginary axis as | (Ω)| increases, similarly to the behaviour shown in figure 4 .
To summarize this section, we have seen that the Dirac field in the Kerr background possesses quasiresonant modes for critical values of the fermionic mass η, that depend on the value of α and the other quantum numbers of the field. This seems to happen for arbitrary overtone number, where the spectrum also possesses pure pulses. The introduction of rotation breaks some symmetries with the angular quantum numbers that exist only for the static case. Let us now continue with the quasinormal modes of the Dirac field in the background of the 5d Myers-Perry black hole and compare it to the Kerr case.
B. The Dirac spectrum of the 5d Myers-Perry black hole
In this section we will present a similar analysis of the spectrum of the Dirac field in the background of the 5d Myers-Perry black hole with equal angular momenta. The spectrum turns out to be richer than in the Kerr case.
In figure 6 (top-left), we present the ground quasinormal modes, while in the (bottom-left) we show the first excitation. We only include positive values of the real part of the frequency. We also choose the lowest possible value of the angular eigenvalue, which means |κ(α = 0)| = 1.5. For κ(α = 0) = 1.5, |λ| = 1, while for κ(α = 0) = −1.5, |λ| = 0.
Focusing first on the ground modes in figure 6 (topleft), the behaviour of these modes is qualitatively similar to the Kerr case: an increase in mass η generally leads to a decrease in | (Ω)| until eventually the mode vanishes in a quasiresonance. The behaviour of the modes with fixed α = 0 is also qualitatively similar to the modes with α = 0 with regards to an increase of η. Note that, due to the high order recurrence relation for α = 0, the numerics were not convergent for all values of η and we only show the parts where there was a sufficient agreement between the modes calculated from both second order equations. But it is likely that because of continuity in α, the α = 0 modes should follow the α = 0 modes in behaviour even for large values of the mass η and reach a quasiresonance.
Observing the behaviour of various sets {Ω(α, η)} under certain conditions leads to the same conclusions as in the Kerr case. For a fixed |κ(α = 0)| the sign of κ(α = 0) determines the behaviour of the modes for varying η and fixed α. For instance, the κ(α = 0) = −1.5 branches fall quickly to a quasiresonance without changing that much the real part of the mode, while the κ(α = 0) = 1.5 reach the quasiresonance while the real part increases steadily. For fixed η = 0 and varying α the value of |λ| also changes the behaviour of the modes in the complex plane (this can be more easily understood if one considers large values of the angular eigenvalue κ, because there is a strong degeneracy in λ for κ(α = 0) in this case).
In figure 6 (top-right) and (bottom-right) panels we show the angular eigenvalue κ for κ(α = 0) = 1.5 and κ(α = 0) = −1.5 respectively.
The angular eigenvalue κ shares some similarities with the Kerr case, in the sense that increasing η leads to small values | (κ)|. But interestingly, for κ(α = 0) = −1.5 the eigenvalues with α = 0 seem to approach the original value of −1.5 for large mass values (as we approach the quasiresonance). The eigenvalues for κ(α = 0) = +1.5 loop around the value +1.5 in the case of α = 0 for varying η. Thus, there are certain values of the mass η for which (κ) = 0.
Since in this case we have analytical expressions for the angular eigenvalue, we can gain some understanding of this phenomenon by looking at the equations (53, 55 and 57). In the case of κ(α = 0) = −1.5, |λ| = 1 the angular eigenvalue is given by
Thus if (Ω) → 0 also (κ) → 0. That the angular eigenvalue approaches −1.5 as η grows shows, that Ω ∼ η for large η. The angular eigenvalue with κ(α = 0) = +1.5, λ = 0 is given by
Again, if (Ω) = 0 the square root is real and thus (κ) = 0. The square root can also be real for (Ω) = η and | (Ω)| ≤ 2. As one can see this is the case and we have for large enough η modes with (Ω) ≤ η, which are gravitationally trapped around the black hole.
In the case of κ(α = 0) = −1.5, one has λ = 0, and the dependence of the massless modes on α changes with the sign of αλ. In the case of κ(α = 0) = +1.5, one has λ = 0, and the massless modes only depend on |α| (they are independent of the sign of α). This categorization of the dependence of α is independent of the sign of (Ω). Thus, the mapping (Ω) → − (Ω) must map κ(α = 0) to the same value for these modes. The map is given by (αλ; (Ω), (κ)) → (−αλ; − (Ω), − (κ)). In the special case shown one can see this easily from equations (70) and (71). For |λ| = 1, if one maps (Ω) → − (Ω) one effectively maps α sgn(λ) Ω → −α sgn(λ) Ω and thus changes the sign of (κ) and the dependence on the sign of αλ. For λ = 0 one effectively maps α 2 Ω 2 to α 2 Ω 2 and thus again changes the sign of (κ). For α = 0 the map between the positive and negative part of the spectrum is given by ( (Ω), κ) → (− (Ω), −κ). Observe that these maps cannot be continuously connected and thus there is no obvious map between (Ω) and − (Ω) for α = 0 = η. This behaviour is different from Kerr, where we have a symmetry. To show that this is not the case in MyersPerry, we show in figure 7 the modes calculated with negative values of the real part of Ω. We follow a similar structure to figure 6. In the (top-left) and (top-bottom) Marked with an arrow is the massless mode for the static limit. In the static limit the angular eigenvalue of the left branch is κ = +1.5 and of the right branch κ = −1.5. Due to λ = 0 in the left branch the modes do not depend on the sign of α. Branching off from the massless η = 0 modes are modes with increasing η for fixed α with a difference of ∆α = 0.05 between two neighboring ones.
we display the quasinormal modes for the ground mode and first excitation respectively. We also fix the lowest angular eigenvalue, which again means |κ(α = 0)| = 1.5. For κ(α = 0) = 1.5, |λ| = 1, while for κ(α = 0) = −1.5, |λ| = 0.
Focusing on the ground state in figure 7 (upper-left) , we can appreciate that, although the spectrum is different from the (Ω) > 0 case, the qualitative behavior is very similar. The angular eigenvalue for the ground state is shown in 7 (upper-right) and (bottom-right) for κ(α = 0) = 1.5 and κ(α = 0) = −1.5 respectively.
The angular eigenvalue also displays the same general behaviour as in the (Ω) > 0 case, although we do not observe a looping behaviour this time for the κ(α = 0) = +1.5 modes around the static value, because there are no modes with (Ω) = η and | (Ω)| ≤ 2 in this case. Observe also that for (Ω) < 0 the κ(α = 0) = +1.5 are more strongly affected by a change in η for α = 0, because of the larger | (Ω)|. The angular eigenvalues for κ(α = 0) = −1.5 do not converge to the same value, but nevertheless (κ) tends to zero for increasing mass η, because (Ω) also tends to zero.
Due to the non convergence of the numerics close to the quasiresonance for α = 0 we cannot make a definite statement about the angular eigenvalue in these cases. Nevertheless, if we assume that the modes do not cross the Ω(α = 0) modes (again) before the quasiresonance, we can make the following argument for κ qr with regards to κ(α = 0) using equations (70) and (71) and the already present behaviour in the κ-plots. Here κ qr denotes the angular eigenvalue for the quasiresonance. For both sides of the complex Ω-plane we note for κ(α = 0) = +1.5 that close to the quasiresonance (κ qr ) > 1.5 = κ(α = 0). For κ(α = 0) = −1.5 we have close to the quasiresonance if (Ω)αλ > 0, then κ qr ≥ κ(α = 0) = −1.5. If (Ω)αλ < 0, then κ qr ≤ κ(α = 0) = −1.5. For both (Ω) > 0 cases we have equality if close to the quasiresonance Ω = η.
Going back to the first excited mode, we can compare the figure 6 (bottom-left) with the figure 7 (bottom-left). One can observe in the first excited modes for α = 0 that, similarly to the Kerr case a looping behaviour develops for large values of the mass. This behaviour is then interrupted by a sudden change in (Ω) before the quasiresonance is reached.
As with the Kerr case, close to the real axis a lot of high overtone number modes bunch up. However, due to the complicated numerics for the α = 0 modes, we were only able to reliably observe this for α = 0, although we will not show these results here since they are similar to what was shown for Kerr in figure 4 . However, and contrary to what happens in the Kerr case, we were not able to find modes close to the imaginary axis stemming from high overtone number modes.
VI. CONCLUSIONS
Using the methods known from the literature we decoupled the Dirac equation in the Kerr and five dimensional Myers-Perry spacetime with equal angular momenta into ordinary differential equations. We used methods from the literature to extract a recurrence relation for the angular part of the Kerr-case in order to determine the angular eigenvalue given a frequency. The angular equation in the five dimensional Myers-Perry case was solved analytically and a formula for the angular eigenvalue was obtained. The radial equations were used to construct two coupled second order differential equations with polynomial coefficients for both cases under study. These were then used to obtain recurrence relations for coefficients in a Frobenius-Fuchs Ansatz for the radial solutions using boundary conditions given by the physical situation of quasinormal modes. Using both equations simultaneously gave us an indication as to when the continued fraction method converged for given parameter values.
We then proceeded to calculate the quasinormal mode spectra for the ground state and first excited state in both cases. The numerical values for the Kerr case agreed with the previously calculated ones from the literature.
Several phenomena were observed that are also present for other fields in rotating black hole spacetimes. For instance, we find quasiresonances for finite values of field masses, a looping like behaviour of the modes for large mass values in both varying mass and angular momenta, and a bunching up of high overtone number modes near the axes for large values of the given parameters. We were able to calculate modes in the Kerr case with vanishing real part (pure pulses).
In the Myers-Perry case we observed that there is a breakdown of the symmetry between the positive and negative real part of the frequency spectra for nonvanishing field mass and angular momenta. This behaviour can be understood from the fact that for vanishing angular momentum the connection includes a change in sign for the angular eigenvalue in the modes. But for vanishing mass the behaviour is determined by the magnetic quantum numbers and thus the modes must keep the real part of the angular eigenvalue the same. These cases cannot be connected continuously as maps and thus the symmetry breaks for massive Dirac fields in the rotating black hole background.
Possible extensions of this work could be to consider the five dimensional case with unequal angular momenta, and to extend to more general spacetimes with additional parameters, for example a (NUT) charge and/or cosmological constant. Also of interest would be the study of how the behaviour changes in dimensions higher than five. Another interesting case would be to study the quasinormal modes for the extremal cases of the black holes and possibly extract analytical formulas for these, as these modes would set boundaries for the sets {Ω(α, η)} in the complex plane.
